[1] We use seismic array processing of high-rate GPS (HRGPS) displacement time series from the Great, 2004, M w 9+, Sumatra-Andaman earthquake recorded at over 90 nonuniformly distributed HRGPS stations in central North America to determine the fundamental Love wave phase velocity dispersion curve there. These measurements were performed using frequency domain beam forming, which we show reduces the effects of GPS multipath and common mode noise on the measurement of surface wave phase velocity and azimuth. Our HRGPS based results for surface wave phase velocity agree well with those obtained from 28 broadband seismometers between periods of 20 to 300 s. By separating waves based on their apparent velocity, beam forming supports the simple model for relative displacement HRGPS time series as being the difference between the reference and kinematic station's absolute displacements. Beam forming also demonstrates that for differential GPS processing the infinite apparent velocity beam of an array is composed of the sum of common mode noise and the reference station's absolute displacements, multipath and noise. We show the infinite apparent velocity beam, which we call the generalized spatial filter, is similar to the spatial filter commonly used to remove common mode noise from HRGPS seismograms and can be used to produce absolute displacement time series for the kinematic stations with reduced common mode noise. Beam forming also suggests a filtering method, complimentary to sidereal filtering, to produce GPS multipath reduced HRGPS time series.
Introduction
[2] We apply seismic array processing analysis techniques to high-rate GPS (HRGPS) displacement time series to measure surface wave dispersion and investigate how array processing can improve HRGPS displacement seismograms. One significant result is that the spatial filter method, developed to remove common mode noise, can be generalized to also remove the reference station's contribution from differential GPS displacements to produce absolute GPS displacements. This is because the generalized spatial filter we introduce contains everything that is common mode, which beam forming demonstrates also includes the reference station's displacements, multipath and noise. Removing the common mode signal is not required when beam forming, as the common mode signal is naturally separated from other signals. Removing the common mode and beam forming the resulting absolute displacement time series, however, improves the signal-to-noise ratio for the seismic waves and facilitates automating the measurement of phase velocity and azimuth.
[3] Traditional GPS phase data is recorded at 30 s epochs and produces millimeter precision daily positions for tectonic and other applications [e.g., Bock et al., 1986] . The continuously increasing number of geophysical observation types from these GPS data include: long-term secular plate motions [e.g., Sella et al., 2002] , and interseismic loading [Kreemer et al., 2003] , coseismic and postseismic fault movements [e.g., Hudnut et al., 1994] , details of active deformation associated with ongoing orogeny [e.g., Brooks et al., 2003] , aseismic slip or slow earthquakes from a number of tectonic environments [e.g., Dragert et al., 2001] , and nonsecular vertical loading from a variety of sources with periods of weeks to years [e.g., vanDam et al., 1994a] .
[4] As GPS technology and analysis techniques improved, it became possible to obtain displacements at each GPS measurement epoch with precision between 1 and 2 mm and a centimeter using kinematic processing [vanDam et al., 1994b; Hatanaka et al., 1994] , instantaneous positioning , differential processing [Herring, 2009a; Larson et al., 2003 ], or precise point positioning (PPP) [Kouba, 2003] . PPP, which produces absolute position using a single GPS station, is currently less precise than the other methods, which use some form of differential or relative positioning between two or more stations.
[5] Relative displacement time series from the M W 7.1, 1999, Hector Mine earthquake [Nikolaidis et al., 2001 ], produced using instantaneous positioning, clearly show displacements associated with the surface waves. Nikolaidis et al. [2001] used 30 s data and short baselines, 10-30 km, for sites between 50 and 200 km epicentral distance. Because the time series are aliased, as noted by Nikolaidis et al. [2001] , they cannot provide meaningful information about either their time history or spectral content of the ground motion. In the epicentral region of moderate and larger earthquakes, Fourier components of ground motion with periods less than 1 min, the Nyquist limit for 30 s sampling, can have amplitudes of order cm or greater and faster data collection rates are needed to properly record such signals.
[6] Until recently, the paucity of HRGPS stations severely limited their use because the most precise processing, which produces relative positions, requires all the data used in the analysis to be collected at the same rate. The 2002, Denali earthquake was the first that was widely recorded at 1 Hz, and Larson et al. [2003] found displacements of kinematic stations in the epicentral area with respect to a distant reference station in Colorado. The reference station in Colorado was assumed to be stationary, which was true until the seismic surface waves arrived in Colorado where they were large enough to affect the GPS measurements. Before the surface waves arrived in Colorado, therefore, the relative displacement time series practically represented absolute displacements in Alaska since the station in Colorado was stationary. By the time the surface waves arrived in Colorado, seismic motion had died down in the epicentral area in Alaska, so the relative displacement time series then represented absolute displacements in Colorado. Absolute displacement surface waves from Denali were observed by HRGPS to distances of almost 4000 km by using long baselines and selecting the reference station such that it was not simultaneously affected by seismic waves.
[7] Using the instantaneous positioning method over short baselines in a small aperture network of four 1 Hz HRGPS stations in southern California, Bock et al. [2004] also observed surface waves from the Denali earthquake at an epicentral distance of 3900 km. Since the reference station in this case was also being simultaneously affected by the seismic waves the HRGPS time series represented relative displacements. Interpretation of relative displacement time series is problematic as these time series do not represent the motion due to the seismic waves at any single HRGPS station. Bock et al. [2004] compared sidereally filtered 1 Hz HRGPS displacement time series, both before and after spatial filtering, to absolute displacement seismograms from nearby broadband seismometers and found both agreed well at periods longer than 1 s, with better agreement for the spatially filtered data. We will show later that the spatially filtered time series in this case were actually absolute displacements.
[8] Since the Denali earthquake, HRGPS applications have also observed a wider range of large amplitude, weak motion, surface waves [Ohta et al., 2006; Takasu, 2006] and captured near field coseismic offset and strong motion displacement time series that have been used independently or together with seismic data to invert for fault slip Ji et al., 2004; Miyazaki et al., 2004; Kobayshi et al., 2006; Emore et al., 2007] . Visually, HRGPS data from epicentral areas compares well with integrated strong motion data [Ji et al., 2004; Miyazaki et al., 2004; Bock et al., 2004] , but the question of sampling rates required to prevent temporal aliasing of very near field coseismic displacements using HRGPS data has not been properly addressed. Integration of strong motion records at epicentral distances of <5 km from M > 6 earthquakes, for example, shows that 1 Hz data there can be significantly aliased (Smalley, in revision) . This is a pure signal processing consideration, as the signal being recorded, including any preconditioning antialias filtering that can be applied to limit the bandwidth, is the determining factor here, not the capability of the GPS receiver to track the GPS signal.
[9] The Great, 2004, M w 9+, Sumatra-Andaman earthquake produced the first opportunity to apply HRGPS seismology on a global scale. This earthquake generated seismic waves of enormous amplitudes that clipped a large fraction of seismic recording systems globally. Sparse HRGPS data resolved strains of 6 Â 10
À6 and recorded displacements of 5 -10 cm amplitude from surface waves at 2500 -3000 km distance [Ohta et al., 2006] . Absolute displacement time series were obtained for HRGPS stations on Diego Garcia and Jakarta at 2000 to 2500 km epicentral distance using differential processing and reference HRGPS stations in Kenya and Japan at over 6000 km epicentral distance [Ohta et al., 2006] . The surface waves took $10 min to arrive at the kinematic stations and $25 min to arrive at the reference stations. This time difference left an $15 min window in which absolute displacements could be found using differential processing. The distance between the stations being affected by the seismic waves and the reference station, which is restricted to being outside the area affected by the seismic waves, is limited by the differential processing requirement that all stations see a set of common satellites. This condition limits the distance between the reference and nonreference stations, which restricts the time window available to obtain absolute displacements. For an earthquake as large as the SumatraAndaman event, which affected the whole earth, the conditions on the reference station make it difficult to obtain absolute displacement time series during the time range over which surface waves pass by a given location.
[10] Using PPP, which produces absolute displacements for a single station, Takasu [2006] reported detection of absolute displacements associated with surface waves from the earthquake to a distance of 13,000 km, which is less than the distance at which they can be both observed and analyzed with relative positioning. In addition to the dynamic, transient seismic waves, the earthquake also produced a static coseismic displacement field that was measured using GPS. Ohta et al. [2006] were unable to observe any such displacement from integration of the HRGPS displacement data, but Kreemer et al. [2006] , using standard daily processing, found $4 mm of coseismic offset for the GPS station on Diego Garcia and coseismic offsets that are at least 1mm in magnitude globally.
Sumatra-Andaman Seismic Waves in Central North America
[11] The back azimuth to the Sumatra-Andaman earthquake from central North America (CNA) is $N, which results in the seismic waves being naturally polarized in the geographic coordinate system used by both GPS and seismology. The $N-S strike of the fault and the $west directed thrusting also place CNA in the maximum and minima, respectively, of the Love and Rayleigh wave radiation patterns. Love waves, with periods >60 s and peak-topeak displacement amplitudes >4 cm, were well recorded by broadband seismometers in CNA at epicentral distances of over 14,000 km. Displacements this large should be easily measurable with GPS. At the time of the SumatraAndaman earthquake, two 1 Hz HRGPS stations (PTGV and MACC) of the GPS Array for Mid-America (GAMA) were operating in the New Madrid seismic zone of central North America (Figure 1) . We used the TRACK kinematic GPS processing module [Chen, 1998; Herring, 2009b Herring, , 2009c of the GAMIT/GLOBK package [King and Bock, 2000; Herring, 2009a] to produce kinematic HRGPS relative displacement time series in which Love waves are clearly observed (Figure 2 , middle).
[12] The two GAMA HRGPS stations are approximately collocated with two broadband seismic stations, PVMO and FVM, respectively, of the Cooperative New Madrid Seismic Network (Figure 1 ). HRGPS station PTGV is $5 m from the broadband seismometer PVMO, while HRGPS station MACC is $15 km along raypath distance from the broadband seismometer FVM. The MACC to FVM spacing is much less than a seismic wavelength for waves with a period greater than about 20 s, and we will consider them collocated. Since both HRGPS stations were simultaneously affected by the surface waves, the kinematic GPS analysis produces a single time series of the relative position between the two stations rather than a time series of absolute positions for each. To compare the HRGPS relative displacement time series to the broadband seismometer data, we calculated a relative displacement seismogram using data from the two seismic stations. As the broadband seismometers record velocity, we removed the instrument PVMO and FCM, respectively (all labeled) . PTGV and MACC are on stable geodetic monuments designed for tectonic studies. The dense groups of HRGPS stations are networks operated by the states of Michigan, Ohio and North Carolina, while the more disperse stations are mostly from the U.S. Continuously Operating Reference Stations (CORS) and the Federal Aviation Administration (FAA) networks. These networks were built to support surveying activity or air navigation, and most of the antenna monuments are less stable than those installed for scientific studies. During the several hour period of interest of this study, however, these monuments are sufficiently stable. The difference between the seismic and HRGPS time series at the beginning of the dispersed wave train is due to the flat response of HRGPS, and, therefore, continued sensitivity at longer periods, in comparison to the seismometer response, which rolls off at periods longer than 300 s.
response, integrated velocity to displacement, and differenced the two absolute displacement seismograms to produce a relative displacement seismogram (Figure 2 , top). We did not adjust for the difference in travel time due to the difference in path length between MACC and FVM in the calculation of the differential seismogram. The travel time difference is not a constant, it varies from 3 to 4 s with frequency due to dispersion of the surface waves. A large packet of Love waves is clearly visible in both the broadband and HRGPS relative position time series (Figure 2 , top and middle). The large amplitude, long period ''signal'' at the beginning of the relative displacement HRGPS time series (Figure 2 , middle) is due to GPS multipath. Multipath is a generic term for the reception of multiple, interfering versions of the same signal. In the case of GPS, the most significant source of multipath is the reflection of the GPS signal from objects in the vicinity of the antenna. GPS multipath can be attenuated, but not completely removed, by sidereal or modified sidereal filtering Choi et al., 2004] (Figure 2 , bottom). For a fixed GPS station, the receiver and the geometry of local reflectors of the GPS signal are assumed to be fixed in time, but the transmitter geometry varies in time with satellite position. As GPS orbits approximately repeat each sidereal day, at any given sidereal time, the GPS multipath environment, consisting of the instantaneous geometry of the satellites, receiver, and reflectors, should be the same and produce the same GPS multipath effect. Genrich and Bock [1992] used this observation to propose a GPS multipath mitigation technique, sidereal filtering, in which apparent displacements due to GPS multipath are estimated using data from nearby sidereal days otherwise free of displacements, i.e., no seismic waves . Choi et al. [2004] further developed the method, renamed modified sidereal filtering, by using cross correlation of the 1 Hz HRGPS displacement time series during aseismic periods to provide a better estimate of the sidereal time shift. Sidereal and modified sidereal filtering are both implemented in the time domain and significantly reduce GPS multipath, but do not remove it completely.
[13] Seismic waves can also be affected by multipath, and we will use the adjectives ''GPS'' or ''seismic'' to distinguish between the two types. Seismic multipath is part of the seismic signal in the earth and often produces quantifiable features in the array processing analysis that can be used to estimate errors in the determination of azimuth and velocity. Seismic multipath affects both the seismometer and HRGPS derived displacement time series. The packet of waves that arrives at about 9000 s (Figure 2 ) is the R2 Love wave that comes the long way around the earth (this is a simple, and easily identified, form of seismic multipath).
[14] Based on the clear signal observed in the HRGPS seismograms from the GAMA stations, we obtained additional data from the Sumatra-Andaman earthquake at over 130 1 Hz HRGPS stations, of which over 90 provided usable data, and 28 broadband seismometers in CNA ( Figure 1 ) for further analysis and application of HRGPS seismology. Most of these HRGPS stations were installed and are operated by the Federal or State governments to support surveying, state or national geodetic reference frames, and navigation. As such, most of the antennas in these networks are not mounted on the types of highly stable monuments typically used for tectonic GPS studies. The monuments, however, are more than sufficiently stable for HRGPS seismology during the few hour period during which the seismic waves passed by. For the case of weak motion, we assumed that the instrument response, or transfer function, of the GPS antenna mounting, or monument, is 1.
[15] Relative displacement time series (Figures 3a, 3b, 4a and 4b) were obtained with TRACK [Herring, 2009b [Herring, , 2009c , also personal communication, XXXX] using the station PTGV (Figure 1 ) as the reference station and IGS orbits. In order to improve the beam steering results, we applied a Hanning window, HW = 1 + cos (p(À1 + 2*t/5100)), 0 t 5100, to the time series shown in Figures 3a and 3b and used in the beam steering. The majority of baselines to the reference stations were in the range of 500 to 1200 km ( Figure 5 ). While TRACK can solve for a small number of kinematic sites in a network solution, we found the processing to be more stable if we processed each kinematic station individually. TRACK uses double differences to estimate the positions, and the quality of the solution depends on the success of fixing the GPS phase ambiguities to integer values. (Geodetic precision GPS processing uses measurements of the phase of the GPS signal.) As in the analysis of seismic surface waves, phase measurements are ambiguous with respect to the number of whole cycles between two measurements. Just as one needs to estimate the number of whole (integer) cycles between the hypocenter and seismic stations to calculate the spectral phase of the signal at the source [see, e.g., Brune et al., 1960; Nafe and Brune, 1960] , one needs to estimate the number of whole cycles between the GPS receivers and the GPS satellites at the time of the measurement to obtain the range or distance. The undermined number of full cycles are known as ''ambiguities,'' or ''integer ambiguities,'' in GPS processing. The GPS data were initially processed to tune TRACK's command file and processing options. The final time series for each station was produced in a run of TRACK using these tuned options (T. A. Herring, personal communication, XXXX) . Eliminating sites with large jumps, small maximum amplitudes, or obvious data or processing problems reduces the number of stations for further processing to 92. The selected time series were windowed to include the 5100 s period during which the surface waves were crossing the whole network and band pass filtered between 1100 and 12.5 s period.
Data Analysis
[16] At regional to teleseismic distances the seismic wavefield is sufficiently coherent that array processing beam forming can be applied to dense samplings of the wavefield. While array processing is common and well understood in seismology [e.g., Burr, 1955; Burg, 1964; Green et al., 1965, Frosch and Green, 1966; Whiteway, 1966; Gangi and Disher, 1968; Capon, 1969] , it is worthwhile to present a short review here to point out some differences in its application to HRGPS time series ''seismograms.'' Array processing analyzes multiple samplings of a wavefield in both time, using seismograms, and space, using simultaneous sampling from seismograms at different locations. To illustrate the basics of array processing, consider the D'Alembert traveling wave solution to the wave equation, f(k Áx ± vt). This solution describes a wave that is a function of the argument A = (k Áx ± vt), and not x and t individually, traveling with constant velocity, v, in the direction given by the wave numberk. The shape of the wave in space, a snapshot, is constant and given by f(A). The position of the wave at any time, t, is determined by the relationship between x and t in the argument. We can, therefore, take snapshots of the wave at different times and line them up by shifting each appropriately, where the shift is determined by the direction, k, and speed, v, of the wave. Once the snapshots are lined up, we can add them together to obtain an estimate of f(A) with an improved signal-to-noise ratio. This process of shifting and adding is known as beam forming, and each shift represents a beam that is sensitive to a specific direction and velocity. Since f is not a function of either x or t individually, position and time shifts are interchangeable, but related in the snapshot and seismogram views of the data. Each of the beams is a stack, and stacks calculated with shifts are often called slant stacks. In 2-D the beam form is given by
The time shifts dt l,m,n are determined by the slowness,s(l, m), of the beam being formed. Slowness is the inverse of velocity,s
and is parallel tok andṽ. The l, m terms are associated with the x, y components, respectively, of the wave number or slowness vectors.
[17] For a beam whose slowness matches that of a wave crossing the array, the seismograms interfere constructively to produce a large signal with reduced noise, while in all other beams the seismograms interfere destructively resulting in cancellation. While beam forming is typically Figure 3a . Record section of HRGPS relative displacement time series, band-pass filtered from 0.01 to 0.02 Hz, through the Michigan and Ohio section of the array. Large amplitude Love surface waves are clearly observed. The individual trace at the bottom shows the absolute displacements of the reference site estimated using thek = 0 beam of the array as discussed in the text. A Hanning window (shown by the dashed envelope about the bottom trace) has also been applied to all the data. This is why the traces have much lower amplitudes at the beginning and end. presented in the real distance and time domains, the computations are typically carried out in the frequency domain. Fourier transforming the time domain beam form, we obtain
R n x n ; y n ; w ð Þ e Àik l;m ð Þxn ;
R n x n ; y n ; w ð Þ¼
r n x n ; y n ; t ð Þ e Àiwt dt:
Working in the frequency domain facilitates analysis of dispersed waves, such as seismic surface waves, where the Fourier components at different frequencies, w, travel at different velocities, v(w). Dispersed waves do not correspond to D'Alembert's solution as the variation of velocity with frequency causes the shape of the wave to change as the wave propagates. The wavefields in the snapshots at different times are now different, and one cannot globally line up the wavefield in two snapshots. By performing the beam forming on band pass filtered versions of the seismograms, we can remove this variation and analyze wave properties such as apparent velocity as a function of frequency.
[18] All arrays have a response based solely on their geometry. This response defines their resolution, or ability to separate two different wave numbers or slownesses, and gain, which determines the minimum signal/noise ratio to observe a signal. The response of an array of regularly spaced sensors is shown in Figure 6a . In general, arrays with nonuniform or random spacing of the sensors have lower gain than regularly spaced arrays (Figure 6b , which shows the response of the array in Figure 1 ). In the regularly spaced array for example, the first side lobe to the north is about 12 dB down, while in the nonuniform array it is about 7 dB down. The response of nonuniform or irregular arrays can be improved by weighting [Holm et al., 1997] , although this changes the response from linear to nonlinear. If the noise is uncorrelated, beam forming also increases the signal/noise ratio by ffiffiffiffi N p . The response of both regularly and irregularly spaced arrays can be improved by nonlinear techniques such as maximum-likelihood processing [Capon et al., 1967] , or Nth root stacking [Kanasewich et al., 1973] . While such techniques are useful when the signal-to-noise ratio is very low, they distort the wave form, so they cannot be used for the generalized spatial filter. Figure 3a as a surface plot which illustrates the coherence of the surface waves and the data quality. This is not a record section; the vertical axis is station number ordered by distance. Note the two distinct low frequency red crests on the top left, between 2000 and 2400 s, which merge into one crest as the epicentral distance increases (downward). The crest that moves out, or tilts, to the right as distance increases is that of a single seismic surface wave crossing the array at surface wave velocity. The crest that is vertical is the same crest of the surface wave but at the reference station, and it is found simultaneously at all the kinematic stations as a common mode with infinite velocity. For the higher frequency crests farther to the right, one observes vertical sections that shift with respect to one another as the distance changes, but it is not obvious that this field is composed of two waves, one moving across the array at a finite velocity and one at an infinite velocity. Figure 4b . Presentation as in Figure 4a for the seismic portion of the HRGPS absolute displacements shown in Figure 3b .
We now see a clear series of crests, starting at low frequency on the left and becoming higher in frequency on the right due to dispersion, that move out and can be followed continuously as the waves cross the array.
[19] In order to analyze the spatial recording of the wave in the frequency domain, we must have two or more samples per wavelength, the Nyquist condition in space rather than time, to prevent spatial aliasing. This condition defines the short wavelength limit of the array. If the frequency domain representation of the seismic waves has wavelengths shorter than this value with sufficient amplitude to be measurable by HRGPS, the data will be spatially aliased, and array processing may not provide useful information. Unfortunately, it is not possible to implement a spatial antialias filter, so one has to have an independent estimation of the signal to assure that aliasing is not occurring. The problem of spatial aliasing is reduced in the nonuniform or randomly spaced array. This can be seen by comparing the sampling of two arrays, one uniform and one nonuniform, where the spacing of the uniform array is equal to the spacing of the nonuniform array (Figures 6a  and 6b) . In a random array, the spacing between half the stations will be less than the average. Although for nonuniform or random arrays, there is no simple rule for the minimum wavelength, as is the case for a regular array. The smaller spacing in the nonuniform or random array allows nonaliased recording to shorter wavelengths than that of the regular array. Ordering the stations by epicentral distance and examining the along raypath spacing between adjacent stations, about half the separations are less than 10 km. This indicates that spatial aliasing will not occur for wavelengths greater than about 20 km, which corresponds to periods longer than about 10 s.
[20] The array also has a limitation on the longest resolvable wavelength, which is on the order of the aperture of the array. For waves with wavelengths larger than the aperture of the array, to first order the array sees such waves as a common mode effect. If we consider the central, dense, Figure 6a . Array response for a uniform nine by nine array. The hachured area outside the central portion from ±0.5 in both x and y represents the region in which the uniform array records aliased data. portion of the array shown in Figure 1 , removing the northernmost and two southernmost stations, the aperture is approximately 1000 -1500 km, which at a velocity of 5 km/sec corresponds to waves of 200-300 s period. For waves in the proper range of wavelengths, beam forming can determine the azimuth and phase velocity of waves crossing the array directly. Beam forming can also used as a basis for frequency-wave number filtering (f Àk filtering) which filters both the temporal and spatial components of the data. A simple model, which we present below, suggests that f Àk filtering of HRGPS data can be used to improve GPS multipath mitigation.
[21] For a single plane wave crossing the array, beam forming shifts the array response from the origin to a location in (k x , k y ) space centered on the wave'sk vector. Using superposition, if several plane waves, with the same frequency but different directions, simultaneously cross the array they will each contribute a scaled, shifted copies of the array response to the beam form, producing multiple peaks. We will show that this ability to differentiate waves with the same temporal frequency content based on their spatial frequency characteristics, such as apparent velocity or slowness and azimuth, (1) provides a way to estimate the combination of common mode noise and the reference station's absolute displacement, noise and GPS multipath and (2) inherently reduces the effect of GPS multipath in array processing. The reduction in GPS multipath comes from the observation that GPS multipath is incoherent and, therefore, has little effect on beam forming measurements of the coherent seismic waves. Seismic multipath, on the other hand is typically a coherent signal, which is caused by a number of seismic waves crossing the array at the same time from slightly different directions. Seismic multipath has the effect of widening the peak azimuthally; causing error in the estimated azimuth.
Array Processing Results
[22] A beam form of band-passed, HRGPS differential displacements is shown in Figures 7a and 7b . Notice that there are two significant peaks of approximately the same amplitude. This is interpreted as representing two plane waves. One, in the top center, crosses the array at a finite apparent velocity appropriate for the phase velocity of surface waves. The second, whose amplitude is slightly larger, is at the origin and crosses the array at an infinite apparent velocity. This demonstrates that the kinematic HRGPS differential displacement time series for each nonreference kinematic station, T n , can be modeled as being composed of two waves,
where A n is the measured absolute displacement at the kinematic station and A 1 , is a common simultaneous, infinite apparent velocity, signal that appears across the whole array.
[23] In Figure 8 . Array response for nonuniform array of GPS stations used in this study. This array has a central response similar to that of the uniform array, but the side lobes are higher. One can also see that the nonuniform array is strongly asymmetric. It has better resolution in NNW-SSE direction than in the ENE-WSW direction. This is due to the overall denser spacing along the NNW-SSE direction. The array response can be tuned for symmetry or ''spot'' size by selecting a subset of the available stations. The direction of highest resolution is close to optimal for the direction of the seismic waves. Aliasing does not occur in the range of k values shown for the nonuniform or random array.
series shows that thek = 0 beam is a good estimation for the absolute displacements there. Thek = 0 beam includes all signals that appear simultaneously at each element of the array including common mode noise from the GPS processing and the GPS multipath and noise from the HRGPS station PTGV. We can, therefore, write
where A ref is the combined absolute motion, GPS multipath and noise of the reference station and A cmn is the common mode noise. Since the common mode noise and reference station contribution have the same spatiotemporal characteristics across the array, they cannot be separated or obtained individually using array processing.
[24] Given N HRGPS stations, we therefore have N À 1 copies of the absolute displacements, GPS multipath, and noise of the reference station plus the common mode noise linearly combined with the absolute displacement, GPS multipath, and local noise of each kinematic station. When we form thek = 0 beam, the randomly located kinematic stations randomly sample the wavefield and their movements should be incoherent at any given time (snapshot) and destructively interfere in the stack in which uncorrelated noise is reduced by a factor of ffiffiffiffiffiffiffiffiffiffiffiffi N À 1 p . (The nonuniform array in Figure 1 is not truly random, but the approximation is valid.) We investigated using a weighting scheme in the beam forming based on station density as a function of the wavelength to down-weight coherent signals between nearby stations but found little improvement and, therefore, used an unweighted stack. The success of estimating the displacements of the fixed site will depend on both the size of the array (larger is better) and how close to random the irregular spacing of the GPS network actually is.
[25] An advantage of estimating the reference station's displacements from the HRGPS data itself, rather than using a colocated broadband seismometer, is that the HRGPS data also estimate, and, therefore, remove from the nonreference station's time series, the GPS network's common mode noise and the reference station's noise and GPS multipath. Another important advantage of estimating the reference station's absolute displacements, whether by stacking or using colocated broadband seismometer data, is that the reference station no longer has to be stationary by being outside the region being affected by seismic waves. This removes the requirement for extremely long baselines, the limitations on the length of the absolute displacement seismic time series that can be produced and the need for a set of multiple reference stations that roll away from the epicenter with time. The ability to use shorter baselines also significantly improves relative displacement processing compared to longer baselines as the satellite geometry is stronger and ambiguity resolution more robust.
[26] After removing the absolute displacements using thẽ k = 0 beam or stack (Figures 3b and 4b) , beam forming of the new time series has a single, clear peak at the azimuth and apparent slowness, or wave number, of the seismic waves ( Figure 7b ). We now have only one wave crossing the array, and the peak at the center has been completely removed. Note that without returning to the time domain, the result of the beam forming is immediately providing geophysically useful information. Repeating the analysis for a range of frequencies, for both HRGPS and seismic data, we determined phase velocity versus frequency (Figure 9 ). The seismic and HRGPS results agree well, both between themselves and also with respect to observed and theoretical Love wave dispersion curves between 20 and 300 s periods, after which the seismometer response falls off for longer periods and the seismic results become unreliable. The HRGPS data continues to have coherent energy at periods from 300 to 500 s, but the wavelengths are becoming too long with respect to the array aperture, and the results of beam forming become unstable. This can be addressed with a larger aperture array or other types of processing. At the longest periods, long period multipath outside the window of the seismic signal causes a significant decrease in the beam steer signal-to-noise ratio. The Hanning window removes this noise and allows the beam steer to identify the seismic waves.
[27] The basic beam forming method used here assumes that the waves crossing the array are planar [Rost and Thomas, 2002] . If the plane wave condition is not met, this method of beam forming will not work as a beam former (see Almendros et al. [1999] for example for an extension of beam forming to analyze circular wavefronts), but one can still use thek = 0 beam stack to estimate both common mode noise and the reference stations absolute displacements, GPS multipath and noise. Using thek = 0 beam stack in this manner works even if the earthquake is located within the network and for arrays with regular spacing.
HRGPS Displacement Time Series Model
[28] We will now examine a simple model for the HRGPS time series that takes into account two independent noise sources that affect all methods of GPS processing, review the standard methods to reduce their effects, and investigate how beam forming can compliment them. The starting model for the measured absolute displacement, A, at station n is
where D is the actual displacement and N is errors and noise. The first noise source we will examine is GPS multipath. Considering GPS multipath separately from other noise sources, the displacements at a station can be modeled as
where M is the contribution of GPS multipath and N contains all remaining errors and noise. Since M can be estimated, it can be subtracted from the displacement estimate to produce a GPS multipath reduced displacement time series,
While called filtering, this is actually superposition and not the standard signal processing use of the term filtering, which is a time domain convolution or frequency domain multiplication. We will discuss the connection between the two ideas later.
[29] Sidereal filters are usually produced by averaging over several days, which has the additional affect of lowpass filtering the estimate of hMi, and Bilich et al. [2008] report that modified sidereal filtering works best for periods greater than 10 s. In cases where the geometry or properties of the reflectors of the GPS signal change significantly and quickly the assumption of stationarity of the GPS multipath required for sidereal filtering may be compromised sufficiently that it fails. This was the case for several stations from the Michigan HRGPS array due to a freezing rain/ snow storm on the day of the Sumatra-Andaman earthquake. The affect of GPS multipath, M, is dependent on the local reflection environment at each station and is unique to each station. GPS multipath, therefore, should not be correlated between stations, and array processing can be used to test this hypothesis. In the beam steering results shown in Figure 7a , we see only two coherent waves, and each can be easily explained in terms of either seismic waves or common mode and noise not associated with seismic waves.
[30] How well beam forming works depends on whether GPS multipath or other noise is coherent. If GPS multipath is coherent, it will produce a peak or peaks that compete with those of the coherent seismic signals. Since GPS multipath is a local phenomenon, we expect it to be incoherent between stations, and, therefore, only raise the noise floor in the beam forming process. It should not generate spurious peaks. The peaks associated with the seismic waves in Figures 7a and 7b are well defined with respect to the background, and there are no other notable peaks. Beam forming of HRGPS displacement time series Figure 9 . Measured phase velocities obtained by beam forming band-passed displacement time series for broadband seismometer data (pluses) and GPS absolute displacements (circles). An observational dispersion curve [Oliver, 1962] and a theoretical curve from velocity model AK135-F [Kennett et al., 1995] are shown are shown by dash-dotted and dashed lines, respectively. data for a period without seismic waves (Figures 10a and  10b) does not show the existence of coherent signals generated by GPS multipath. The effect of GPS multipath, therefore, is only an increase in the noise floor in the (k x , k y ) plane. An important advantage of beam forming, therefore, is a reduction of the effect of GPS multipath noise in the frequency domain. Beam forming also does not rely on the assumption of sidereal stationarity of GPS multipath, so it is not susceptible to problems from a changing GPS multipath environment, such as that documented due to soil moisture variation [Larson et al., 2008a [Larson et al., , 2008b . We purposely did not apply sidereal filtering to the HRGPS data before beam forming and observe that the beam associated with the seismic wave is well defined with respect to the noise floor in the (k x , k y ) plane (Figures 7a and 7b) and that there is no coherent energy in the aseismic time series (Figures 10a  and 10b) .
[31] The second GPS noise source is common mode noise. Wdowinski et al. [1997] developed spatial filtering to estimate and remove common mode noise in the daily network position time series from traditional 30 s epoch data. In an analysis of the near field coseismic and postseismic deformation associated with the 1992 Landers earthquake Wdowinski et al. [1997] used a stack, or average,
of the individual displacement time series, A n (t), to estimate the common mode noise. Comparing this to the expression for beam forming, we can see this is the expression for thẽ k = 0, or apparent velocity v = 1, beam, when the A n (t) are the data used in the array processing beam forming. In the original development by Wdowinski et al.
[1997], the daily solutions were network solutions which estimate absolute positions relative to some reference frame such as ITRF. As there is no reference or fiducial station, the stack is just the average of the absolute displacement time series, and it provides an estimate of the common mode noise.
[32] The idea of spatial filtering is to estimate a time series, S, which is common to all stations. As with sidereal filtering, since S can be estimated independently, it can be included in the model for the seismic time series,
where N n contains all the remaining, nonmodeled noise. The correction for common mode noise is a filter that is implemented using superposition. The final model for the displacement time series is
where the individual sidereal, hM n i, and global spatial, hSi, filter estimates are independent and can be applied in any order. In the case of the spatial filter of Wdowinski et al.
[1997], we have shown using beam forming that it is simply 1 À d(k) in the frequency domain. The effect of the filter in the time domain at each time is to subtract the average value of the network of stations at that time. The frequency domain filter operation to produce the spatial filter stack is simply d(k) and subtracting thek = 0 beam from the time series at each station implements this filter. While this method of estimating absolute displacements was developed for the case of plane waves crossing an array, it is more general and will work with any network, including one in which the earthquake is inside the network. Figure 10a and there are no significant peaks. This indicates that multipath, which is thought to be the most significant contributor to the aseismic time series, is incoherent between stations across the array.
[33] Larson et al. [2007] and Bilich et al. [2008] applied spatial filtering to 1 Hz HRGPS relative displacement time series of the Denali earthquake. They estimated absolute seismic displacement time series at a number of HRGPS stations in the western United States at epicentral distances of 150 to 4000 km using a reference station not affected by seismic waves at 5300 km epicentral distance. A small network of three additional stations, using the same reference station, and also not being affected by the seismic waves, was used to estimate the spatial filter. This method of estimating the spatial filter potentially introduces an unknown error as the common mode noise for the data and spatial filter networks may be different [Bilich et al., 2008] .
[34] Wang et al. [2007] compared 1 Hz HRGPS data, also processed with TRACK, with accelerometer data from the epicentral region of the 2003, M 6.5, San Simeon earthquake. Following the philosophy above to produce absolute displacement time series, Wang et al. [2007] selected a small set of sites assumed to be outside the region affected by the seismic waves and used one of these for the reference station and the remaining ones to form the spatial filter. Surface waves, whose arrival times are consistent with the location of the reference station, are clearly observed in both the spatial filter stack and in the displacement time series of the stations in the epicentral region. Subtracting the spatial filter stack from the relative displacement time series for stations in the epicentral area removes the surface waves affecting the reference station, producing a time series that represents absolute displacements at the epicentral station only.
[35] As discussed earlier, Bock et al. [2004] also examined 1 Hz relative displacement time series of the Denali earthquake from a network of 4 HRGPS stations with short (<50 km) baselines in southern California using instantaneous positioning. Because this method is limited to short baselines, one of the stations, which was simultaneously affected by the seismic waves, was used as the reference. Bock et al. [2004] note that the three resulting HRGPS time series are therefore ''biased'' by the reference station motion, although the bias was not quantified. Bock et al. [2004] used the same three relative displacement time series being analyzed to estimate the spatial filter. This is the same as we have done here, but we have used a much larger number of stations. Bock et al. [2004] interpreted the stack to represent only the common mode noise associated with GPS processing, and not to also include the absolute displacements of the reference site. The spatial filter stack, as we have shown here however, also includes the absolute displacements of the reference station, so application of the spatial filter in this case also changed the relative displacements at the nonreference stations to absolute displacements. After the spatial filtering, the RMS differences between the integrated accelerometer data and the HRGPS data at the three nonreference stations were reduced by amounts varying between approximately 3 and 20%. In this case, in which all the sites are being equally affected by the seismic waves, it is not obvious that one of the time series is relative displacements, and the other is absolute displacements either visually or from the RMS differences.
[36] Array processing beam forming clearly shows that absolute displacement time series at the reference station can be obtained by using thek = 0 beam of the array beam steer to produce the spatial filter. This observation greatly simplifies both the processing and the interpretation. It removes the constraint that the reference station is not affected by the seismic waves, and shows that it is not necessary to use an auxiliary network, also with the restriction it is not affected by the seismic waves, to estimate the common mode effects. By removing thek = 0 beam common mode, the time series at the nonreference stations can now be interpreted as absolute displacement seismograms. This method also benefits statistically from the larger number of stations that contribute to the estimation of thek = 0 beam common mode, especially when the assumption that the reference station is not being affected by the seismic waves is violated.
[37] We will now examine the relationship between sidereal and spatial filtering and the formal signal processing definition of filtering. Since filtering is a linear operation, one can take the difference in the time domain between a filtered and unfiltered version of the same time series to generate a new time series. An example of this is the implementation of a high pass filter by subtracting a lowpass filtered version of a signal from the original signal, which can be done in either the time or frequency domain. This implementation is given in the time domain by
In general, the A lp (t) filter term is dependent on both the time series to be filtered and the properties of the filter. This is how we implement the common mode filter above, by subtracting thek = 0 beam from the time series at each station. To determine A filtered (t) in the time domain, we convolve the signal, A unfiltered (t), with the filter's time domain representation, FC(t),
To determine A filtered (t) using the frequency domain, we multiply the Fourier transforms of A unfiltered (t) and FC(t) in the frequency domain and transform the resulting product back to the time domain. Whichever method we use, the filter has to be quantifiable in both the time or frequency domains.
[38] In the case of sidereal and modified sidereal filtering,
where t st is sidereal time, assume that the M(t st ) sidereal filter term is approximately stationary and can, therefore, be estimated. If the assumption is correct, then the measured signal is the sum of a known signal, the GPS multipath, and an unknown signal, which is the desired signal. In this case, subtracting the known signal is an excellent way to obtain the unknown signal. This is especially true if the spectrum of the known signal overlaps significantly with that of the desired signal, as in this case frequency domain filtering will not be able to separate the two. Beam forming shows that GPS multipath can be separated from the seismic waves in the spatial frequency domain, i.e., GPS multipath does not significantly overlap in spatial frequency with the signal, so we can use array processing to remove GPS multipath in the frequency domain.
[39] To use array processing to implement GPS multipath filtering, a simple filter can be constructed in the frequency domain using a set of curves containing the coherent waves and inside of which the weight is 1, while outside these curves the weight is zero. One then multiplies this filter with the Fourier transform of the signal in the frequency domain and inverse transforms back to the time domain to obtain multipath reduced time series. One could also compute 1 À filter in the frequency domain, multiply it by the Fourier transform of the signal, inverse transform this to the time domain to generate the GPS multipath time series, and subtract this from the original time series. This looks like sidereal filtering in that we are subtracting two time domain signals, but the GPS multipath time series produced using the spatial frequency domain method is the measured instantaneous multipath, which should be similar to the multipath time series used in the sidereal filter if the stationarity assumption of sidereal filtering is valid. In either case we obtain a time series with the noncoherent part of the GPS multipath at each station removed. The spatial frequency domain based method will not remove the contribution of multipath that is inside the f Àk passband for the seismic waves. The filtering process is straightforward for uniformly sampled data where we can use the FFT but is more difficult for nonuniformly or randomly sampled data where the frequency domain representation is not unique and efficient computational tools such as the FFT do not exist.
[40] We are developing techniques for the non uniform array based on frequency wave number filtering to return data filtered in the frequency domain to GPS multipath reduced data in the time domain. Beam forming, which is easy to compute for any array, can also be used to design the filter. Unfortunately beam forming can only determine the magnitude, not the phase, in the frequency domain, so it cannot be used in the inverse Fourier transform. Removing GPS multipath using f Àk filtering is not completely general as it depends on the beam forming model in which plane waves cross an array. If the earthquake occurs inside the network or the wavefronts have significant curvature, simple f Àk filtering does not work.
[41] Figure 11 shows the power spectra of absolute displacements for the earthquake and from an aseismic Figure 11 . Power spectra of the absolute displacements of the Love wave shown in Figure 8 (top) for the broadband seismometers (black solid line) and HRGPS (gray dashed line), and aseismic HGPS multipath (and other noise) only (gray dotted line). The limits of the seismic data are due to the decrease in sensitivity of the broadband seismometer at periods greater than 300 s and a low-pass filter with a corner at 12.5 s.
day, one of the days used to generate the sidereal filter, from the colocated HRGPS (PTGV) and broadband (PVMO) stations. The HRGPS time series for PTGV represent the absolute displacements of the reference site from thek = 0 beam or spatial filtering stack. As reported by Bilich et al. [2008] , but over a narrower frequency band, the HRGPS noise floor is much higher than that for the broadband seismometer data, but the two power spectra for the earthquake data agree well from 0.002 to 0.04 Hz where significant energy is seen in both spectra above their noise floors. Comparison of the seismic and aseismic power spectra suggests that the proposal of a dynamic cancellation of GPS multipath during seismic shaking by Bock et al. [2004] is unnecessary. If such a dynamic cancellation occurred, then GPS multipath would be reduced or removed during the passage of the seismic waves. Sidereal filtering would, therefore, be unnecessary during that time, and application of sidereal filtering would insert the dynamically canceled GPS multipath back into the time series. As with the case above, where it is not possible to distinguish absolute from relative displacement HRGPS time series when comparing them to absolute displacement seismic data, it is not generally possible to see the effects of multipath on the seismic time series when the seismic waves are well above the noise.
[42] The Sumatra-Andaman earthquake also generated large amplitude Rayleigh waves. The N-S azimuth to CNA is close to nodal for Rayleigh waves, however, and the Rayleigh waves are smaller than the Love waves. Using beam forming we were able to detect, but not fully analyze, Rayleigh waves on the radial horizontal component (northsouth), but not on the vertical, component. This is not surprising as GPS is less precise, by a factor of 3 -5, in the vertical.
Conclusions
[43] We have shown HRGPS displacement time series can be used to produce surface wave dispersion curves that compare very well with those produced by broadband seismometers. We have also used beam steering to show that the differential displacement time series can be simply modeled as the difference of the absolute motions of the reference and kinematic stations. Using the relative displacements of all the kinematic stations to form the spatial filter, which is thek = 0 beam of beam forming, we obtain estimates of the absolute displacement, multipath, and noise of the reference station plus the GPS common mode noise. When thisk = 0 beam or spatial filter time series is subtracted from the kinematic time series, we obtain absolute displacement time series with the common mode, which contains common mode noise plus the reference station contribution, removed. Using thek = 0 beam allows estimation of absolute displacement time series whether or not the reference station is being affected by seismic waves. Array processing also does not require processing of a second network of stations unaffected by the seismic waves to estimate the common mode noise. By using all the data available, rather than a handful of distant stations, the array processingk = 0 beam produces a better estimation of the common mode filter as uncorrelated noise is reduced by a factor of ffiffiffiffi N p , where N is the number of stations. The absolute time series of the reference station, which also contains the common mode noise, can be included in the beam steer of the absolute displacement time series. This would have a negligible effect on the results of the beam steer with almost 100 stations, but would allow for both multipath and common mode noise removal from the reference station time series by the f Àk filtering.
[44] For large amplitude displacements at long and very long periods at teleseismic distances, or associated with high accelerations in the epicentral region, HRGPS can provide an important, and due to the large number of HRGPS stations, dense seismic wavefield sampling that complements traditional seismic data. For the largest signals produced by earthquakes, GPS data are also less susceptible to clipping than broadband seismometers, although as mentioned earlier, the question of preventing temporally aliased recording in the epicentral region has not yet been properly addressed. Other advantages of GPS are that it produces an estimate of displacement directly and does not have to be integrated once or twice from velocity or acceleration respectively as with broadband seismometer or accelerometer data and that the response continues to longer periods than seismometers. Our preliminary analysis indicates application of frequency wave number ( f Àk) filtering can provide a GPS multipath reduction method that will complement sidereal filtering, and we are currently working on implementation of f À k filtering for nonuniform or random arrays. GPS multipath and common mode noise reduced, absolute displacement seismograms will facilitate using HRGPS seismograms for a wide range of traditional seismic applications, especially slip inversion and estimation of strong motion in the region suffering permanent coseismic displacements.
